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SYMBOLS
jet total pressure in pounds per square foot
ambient static pressure in pounds per square foot
nozzle base pressure in pounds per square foot

radius of curvature of the jet in feet, measured in a
meridian plane of the jet

local momentum flux of the jet per foot (curvilimr)
length in pounds per foot

nozzle altitu.'e sbove ground in feet

lift per foot lemgth of a tvo-dimcmionll nozzle
in pounds per foot

angle of divergemce of the jet from the nozzle axis
in degrees

twvo-dimensional nozzle width (distance between the
exits) in feet

augmentation factor; ratio of the total lift experieuceid

by the nozzle to the total jet momentum flux

distance of a point on the jet sheet from the nozzle
axis, in feet

total iifc in powands
total jet momentum flux in pounds

distance of a point on the jet sheet from the nozzle
plane {un feet

curvilinear distance of a point on the jet sheet from
the nozzle exit in feet

force acting on the nozzle base in pounds

-

papenow




o

™ g™

B

e

SYMBOLS (comcl)

angle betwaen the nozzle axis and & line perpendicular
to the ground in degrees

plan-view area of the uwozzle base in square feet

perimeter of the nozzle base in feet

Subscripts
conditions at the nozzle exit

critical condition
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AZRODYNAMICS LABORATORY
DAVID TAYLOR MODEL BASIN
UNITED STATES WAVY
. WASHINGTON, D. C.

THEORY OF THE ANNULAR NOZZLE IN

PROXIMITY TO THE GROUND

by

Harvey R. Chaplia

SUMMARY

A simple theory is presented for the effect of ground
proximity on the force acting on a stationary body containing
a dowrward-blowimg annular nozzle arcund the periphery of its
base. Th; results are fouand to be in agreement with ¢xp¢r}mcntnl
data.

INTRODUCTION

Reference 1 presents experimental data showing that, when
an asnular nozzle is exhausted toward the ground from a short
distance above the ground, & positive pressure builds up on the
base area enclosed by.thc nozzle so that the body containing th2
nozzle experiences an upward force considerably greater than the
thrust of tha jet itself. A simple theory is presented in the
present report to account for the essential features cf this

phenonenon.

-
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ANALYSIS

The details of a flow involving an air jet with turbulesat
expansion and entraimment of secondary air are quite complex
and have been satisfactorily approximated mathematically im only
a few very special cases. The salient property of a jet, however,
is its momentum; and many problems involving jets can be treated
satisfacgorily by taking account of the moz=entu=m oaly, neglecting
the other features of the jet flow. This techmique will be
employed here: it will be assumed that the jet sheet is thin
and noomixing.
TWO-DIMENSIONAL CASE

Consider a plate of width b and infinite lengrh to be
situated above and parallel to tha.ground at an altitude h above
it, with a jet of momentum j per unit lungth being exhausted
vertically downward from each edge of the plate. If these jets
stagnate on the ground, a pressure equal to the total pressure,
pj. of the jets will tend to buiid up in the space enclosed
between them; but when the pressure inside this space, p + 4p,
rises above the ambient pressure, p, the jets vil.l curve outward
along an arc of radius R defined by the balance of static and

centrifugal pressures

&p = j/R

PO
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Mome thac (pg -p}> 1. Now 1£R >N, there will be & stag-
nation point on the ground and 4p will tend to rise to
iy -

tp =g = (py - p)

but this leads to a contiadictiou of the assumption
- 54

(py ~®)>g>%
Further, 1f R < h, the space {s no longer enclosed and 4p will
fall to zero; but this leads to another contradiction, since

R-+>® a3 4p > 0. Clearly, thes only possibility is

Rsh

-

The total 1lift force, £, experienced by each unit length of the

in vilich case

plate {s
£§=2) +0p b

- 2} + jb/Mh
- 2§ (1 + 5t75)
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so that the primary thrust, 2§, of the jets 19 auguented by the
factor (1 + %‘E)’ If the initial directiem of the jets fs not

vertically down, but inclined at aa angle ’o Zrom the vertical,
then

tpelal(i-ane)

\e, [ X
|5+ \1 —Jz /6
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The total lift now becomes
J(1 - sin oo)
2 = 2) cos Oo + & b
and the augmentation factor is
1 - sin Oo
A=

£
27 = %t TEE

This factor is a maximum when

3 9°opc R T
in which case :
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/!__) SRS D x’lh;b(“’h/bl’
\ 23 , I 2
nax 1l + (-752*1 )2
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The sugmuntatioan factor, together with the values of 0. o is
opt
plotted in Figure 1 for 0° « 0 and .o - 'o « It is seem that

. opt
a considerable advantage accrues from operating the jets at the

optimmm engle. For example, with the plate at an altitude of
ons-quarter of the plate width the augmentation factor is 4.24
"with the jets at the optisam angle of -63.4° as compared te 3.00
with the jets vertical. The question of je: stability should be
mentioned at this point. Reiference 1 reported that whemn the
annular nozzle tested was raised above a cextain height from

the ground, the aannular jet "collapsed” into a round jet before
striking the ground, in which cace the base experienced a mega-
tive 4op, making the augmentation r;cio less than unity. This
phenomenon is certain to be influenced by ths jet angle, Oo,
and may have an .inporunt bsaring on the extent to which the
theoretical advantage of operating at optimmm Oo can be realized.
This question will be discussed in a lzter section, but further
experimental study will be required to arrive at definite,
reliable conclusions.

It might also be well at this point to consider briefly

the difference between the ideal jet flow (thin, nommixing jet)
which has been assumed, and the flow which will exist in & real

situation. The principal difference a:ises from the tendency

of the jet to entrain the surrounding air into itself. Thus,

whereas the ideal jet becomes tangent to the ground without a

h 0

4
£
A
4
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siagastion point, the resl Jet will fmpinge at a sballow angle
so that a part of the jet air 1s fed back into the cavity teo
replace the air which is entrained from the cavity.

/T
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The practical difference between the real and ideal flows, inm

terms of the relation between the augmentation ratio and h/d,
wvill be negligible so long as the impingement angle, €, is
small,
AXTALLY SYMMETRIC CASE

Consider a disc of radius r, to be situated above and
parallel to the ground at an altitude h above .ic, with an
annular jet of total momentum J being exhausted dowrward from

the perimeter of the plate.
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As in the two-dimensional case, & positive pressure will dwuild
up in the cavity formed by the disc, the jet, and the growad;
and the jet will curve outward uazil it becomes tangeat to the
ground.
ANALYTICAL APPROXIMATION -- As before, the radius of curwature,
R, 1s defined by

tp = 3/R

where j is the mowentum ‘flux per unit "length” (length beimg

measured along a horizontal circuamference) of the jet; that {is,
j = J/oxx

Defining the initial jet strength

J
J »a5—>
o 2l'r°
: } o
then . J=3, _o
ot
} 3
[+] Q
whence R-KE';—

The equivalent expression in the two-dimensional case is

-

where, in this case, j is constant along the jet. Therefore, 1t
is possible to apply the two-dimensiona’”. results (with appropriate
rescaling) directly to the axially sysmetric problem under

conditions such that, along the free surface of the jet,

rolrﬁtl
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This coudittion is strictly satisfied if

h/r° <«
but the approximate solution will actuslly give reasonable
answers over an importent part of the range of practical interest.

Under this approximation, S

R=~h/(1l - ain 90)

Defining
- ]
Fb 1ro op
To
2sz J E— (1 - 8in Oo)

The total 1lift is given by "~ D
L = J cos Oo + Fb

l - sin 90
=] | cos 90 + W

[+]

The augmentation factor 1is

7 1l - sin Go
A= L/JQE\COI 90 + —2—'\7;0——)

and the optimum jet angle is

<17 1
90 ~~ =tan \Wr_o-)
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Pigure 1 thus gives the approximate esugmentaiion for the axially
syrmetric case directly, if the abecissas are interpreted to
be values of h/r° rather than of h/b..

GRAPHICAL APPROXIMATION -- The radius of curvature of the jet
sheet in a meridian planse in the axially symmetric cese was given

as : 3
R

9

o 19
r

" Ap
This can be rewritten

r

J_ o
T

2Wt°Ap

r
2
=

5
i
]
N
|

F

©
]
o
S~

where

oF 2(A - cos 90)

Civen the augmentation factor and 90, the dimensionless
altitude, E - h/ro, can be determined approximately by a very
simple graphical procedure. While this procedure becomes rathur
laborious if an accurate answer is sought, its consideration

facilitates a clear understanding of both the exact solution,
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derived in the next section, and the conditions under which
the approximate solution is acceptadble.

The graphtical solution is made possible ry dividing
into incrensents and assuming that the part of the jet path
lying within a given increment is satisfactorily represented

by an arc of radius

g
i

where y is the mean value of n within the increment; that is,

P *

the value of n at the center of the increment. The solution
may be made as accurate &8s one pleases, by taking the incre-
ments of n sufficiently small,

The procedure is illustrsted in Figure 2, for the case
oo = -n/4, augmentation factor = 2.41, tekirg increments of
0.05 in n. The jet path corresponding to the analytical
approximation is also shown in Figure 2 for comparison. Note
that the analytical approximation is equivalent to choosing
one large increment of n (having its center at n = 1) which
includes the entire free path of the jet. The graphical approx-
imation is thus the more exact of the two.

Some refinements of the procedure outlined above are
obvious, but will not be discussed since the graphical approx-

imation is not proposed as a practical techanique.
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EXACT SOLUTION -« The equations defining the path of the jet

are o7

a9 _____._5'
J l‘o

3-.--

L

[ ]
r-x°+J si7 6 ds

o

vhere 8 is the angle of inclination of the jet at any point
measured (positive outward) from the vertical in a meridian
plane, and s is the curvilinear distance from the nozzle to

the point measured along the jst in a weridian plane.

- . - .. M - ——

/ "7// ///’ y ,/// .’r,/fl/,/_r’////,’/’//"/.//.ﬁj,‘/ ./‘ g "/ s ¢ /

In addition to the dimensionless quantities p, n, B, already

defined, the following parameters will be introduced:

x
Qi= =
o

Q
8
oﬂl.

o
'
onl:r

The equations now become
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°
q-1+j sia 8 do
° .

The solution sought {s the relation betwesn 8, Oo, and ¢. The

dimensionless altitude, €, is related to the above system of

equations by:
o

Q-j cos 6 do
(-

= o:ﬂ/?
g = J cos 6 do(8)
06,

pifferentiating the ficst two dizansionless equations above

with respect to ¢ gives .
426 1 dy
doZ B do
99,
3o sin 0

These equations combine to the single equation
2
%—o-g = }ﬁ- gin 6

Multiplying both sides by 2 %% do gives

46 4 ,dé 2
2'('1-6 'd‘a('a—o) dd--éslnede
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Integrating,

(9—0-). - - 2 cos & 4+ counst

do . ‘
Evaluating the constant from the initial conditioms,

d0 1

cta-o.a-;-E' 9-90

gives

de \? 2 1 2
(TJ) --Bco‘.-&ByOBcot ’0

do /2 1

i~ J3 /2039°+§-§-c039
B de

wr B i)

\/cos 90 + -2-3 - cos 8

The expression for & can now be introduced to give
(o)

£ =~ J 9=%/2 08 6 dao
, o
: /2 cos @ d9
/2 [ L oo
ve . Jood Eo + 35 " cos @
o

This 1s the desired solution, reduced to quadratures. Unfortu-
nately, the result of the integration indicated cannot be ex-
pressed in closed form using elementary funccions. The inte-
gration is readily performed, however, Ly any of several mmerical
procedures.

It will be recalled from the approximate analyses that the

optimum value of 90 is always negative. Confining our atteantion,
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then, to the range

OOSO

it will be noted that the integral has a real value onmnly if

1
(cos .o *?ﬂ.) >1

'rh;s arices from the fact that, if (cos Oo + -;-5) < 1, the tbheory
predicts that the jet will converge on the axis at the angle
0 = cos ! (cos o, + 35
This result, implying a stagnation po.int in the jet; on the axis,
is ‘nconsistent with thQ. mathematical model assumed and is with-
2ut interest in the present discussion.
Note that the term (cos 90 + ;—5) is equal to the aug-

oentation ratio, A:

1
A-L/J-c058°+-53

The solution can thus be rewritten

- 1 /2 cos 8 d6
2 /A - cos '30 90 \,A - cos 0

In the 1imfiting case, A = 1, the jet will converge on the axis

¢

asymptotically, so that

a8 A—1 5 ==
This result is of academic interest, at least, since it shows
that the ideal axially symmetric jet (unlike the two-dimensional
case) will support a finite positive 4p (when 90 < 0) even at

great altitudes.

i
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It will be noted that tha integrand,

is symmecrical about 0 =« O,

Therefore,
-0

/2 /2 o
J" cos 6 do J cos 6 d@ J cos O 40
[ A-coc® “J, \/:\_-cooO* o (JA-cos8
o )
Thus the labor involved in evaluating ¢ can be reduced to

negligible proportions by tabulating a single function, say

8
(A, 8) J cos 6 d@ . 0 <0 xf2
X - P L L L£vs

,/A-cose i‘Zl

G(A) = J °°'_.6 a9

A - cos 6

The desired solution would then be simply,

- r

A 1 ic(a) + g(A,-Oo)} : 6, <0
2 V’A - cos 90 L

- r .

. L Lc:(A) g(A,Oo)] 8,>0
2 A - cos Oo

Values of the required function are prccented for a few values
of A in Figure 3.
Figure 4 presents some results fronm the exact theory in

the form of constisnt-sugmentation contours, as fuanctions of
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0° and lx/ro, and plots of augmentation factor versus h/ro for
Oo « 0 and .o - 0° t. Avgmentation factor curves according

to the cpproxintoopthooty and according to ac approximate
analysis (see Appencix) of experimental results from Reference l
are also presented, for comparison. It is seen that the theory
is in reascnable agreement with cxperiment and that the approx-

iz2re 2nd exact solutions do agree satisfactoriiy at iow values

po=— X9

of h/ro.
The experixental curre ia Figure 4 happens to agree almost

exactly with the approximate-theoretical curve. This ey, eri-
mental curve was, itself, derived from Reference 1 (Appendix A)
by an ap;, .oximste method, however, and it should not be concluded
that the approximate theory will, in general, give more realistic
results than the exact theory.

EFFECT OF INCIDENCE

If the stationary nozzle is not parallel to the ground,
but tilted at an angle ¢ to the ground, the flow picture becomes
somevha~ altered.

To avoid confusing the definitions of parameters, the
nozzle will be considered to be horizontal and the ground to be
inclined &t an zangie a. The flow pattern and zerodynamic forces
are, of course, the same in this case as if the ground were

horizontal and the nozzle inclined at an angle a.



TWO-DIMENSIONAL CASE -- It is apparent from the sketch that

if the jetc are of equal strength and angle, and the pressure
“Ip + &p) 1s constant within the cavity, it is no longer possible
for both jets to come tangent to the giound. The pressure
(p + 8p) will adjust itself until the jet fro= the "high" side
of the plate comes taagent to the ground, and the jet from the
"low" side will impinge on the ground and split into two parts,
the {imward-deflected part evenr.uall'y merging with the jet from
the high side. The pressure rise, Ap, in the cavity is thus
defined by conditions at the high side of the plate:

ap = J/R

h' = R:1 - sin(a + 90)}

h'! = hcosa + b/2 sin a

e hcos a + b/2 sin a
1 - sin(a + 907
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1 - sin{e ¢ Oo)
op = 4 cos @ + (b/2h) sin a

The augmentation factor is thus

1 - sin (a + Oo)

/]
25 = co* A (2h/5) cos U + sin a

Since the same result applies no mattes which side of the plate

i{s high, a Is always taken to ba positivs.
AXIALLY SYMMETEIC CASE -~ A rather complicated situation arises

when the axially symmetrical annular mozzle {s placed above a

ground at incidence. If it is assumed that a uniform pressure

rise will occur in the space enclosed between the jet, disc, and
ground, it is seen that the pressure rise i3 limited to that 4p
which the most vulnerable part of the jet.(that is, the part of

the jet originating at the highest point of the nozzle) {s

capable of sustaining. 1f this part of the jet comes tangent

to the ground, all of the other parts of the jet will impinge
on the ground at a finite angle and split, part of the jet

leaving the point of impingement in an outward direction along
the grouad, and part inward. Whereas thig inward motion of

part of the jec created no special problem in the two-dimensional
case, it has disturbing implications in the present case, since
the .inwaird-directed part of the jet is converging on itself.

If the assumption of a thin, noomixing (invilcid)' Jet were main-

tained, an sxi{remely complex flow would establish itself inside



the cavity, and the azsumption of constant pressure inside the
cavity would be comtradicted. The mathematical difficulty can
be resolved by admittiag viscous action between the jet and the
ground; the initially thin, high-spead jet will then lose its
nomentum after only a short contact wvith the ground, and the
assumption of constant pressure within the cavity can be justi-
fied. This pseudo-ideal jet flow, wvhich manifests oo viscous
interaction with the air past which it flows in its free path,

but which does manifest viscous action after contact with the

.

ground, is certainly a closer approximation to the real flow,

[ SOV

in the case of incidence, than the completely ideal jet flow
considered up to now. It must be acknowledged, however, that, i
in the case of a real annular jet at incidence, a very con-
siderable quantity of air will be recirculating through the
cavity and escaping along the ground under the most vulnerable
part of the jet. The thecretical solutions cannof, therefore,
be expected to give equally reliable estimates of the real behavior
as in the case of zero incidence.

As in the case a = O, an approximate soluzion for the
axially symmetric case, valid at slight incidences and at low
altitudes, can be immediately extracted from the two-dimensional
solution. The result 1is

Ap~" i 1 - sin(a + 0,)
mo hconu+r° sin a
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1 - oin (a+ 0,)
2h7t° cos a + 2 sin a

> cos &
A o

1f the exact solution is desired, the following rule is applied
in lieu or generalizing the previous exact solution:

The auvgmentatiocn factor, A, for an anmular nozzle with
initial jet angle 90, at an altitude l\/ro above a ground in-
clined at an angie a, bears the foilowing relation to the aug-
mentation ratio A' for aa annular nozzle with i{nitial jet angle
(9o + a) at an altitude (h/l:o cos a + sia a) above a level
ground:

A=A’ - cos(Go + a) + cos Oo
or, stated more concisely,

A(Oo. E) = A'(Bo', E') - cos Oo' + cos 90

where ' =60 4+ a
) o

| h'/ro - E cosa + sina

Theorecical curves of augmentation factor versus h/ro for
0° and 15° incidence are compared in Figure 5 to curves derived
from the experimental results of Reference 1. It is saen that
the theoretical curves are in qualitative agreement with experi-
ment, Lut the quantitative agreement is not as good with inci-
dence as without.
"ANNULAR" NOZZLE OF ARBITRALY PLAN FORM

The approximite method of calculatioan can be applied imme-

diately to & nozzle of urbitrary plan form.
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As bafore, the balance of static &nd centrifugal pressures at
a point on the free jet is given by,

]
3, =,

o
AP" =

vhere r; is the local radius of curvature of the nozzle in plan

view, and r' is the horizontal distance of the point from the

vertical axis through the local center of curvature of the

nozzle.
1£ -
o
J
then ap =~ E‘_’.

1f the jet is of uniform strength at the nozzle exit, then

jo = J/C where C 13 the perimeter of the nozzle, and

A~ cos @ +.1_°7“L‘2
o hC/S

where S is the area of the base enclosed by the nozzle. Note,
however, that the restriction
L]
h/to <1

is a very strong restriction indeed for plan forms where the

R R o R E T I IR gr - P it

.
——b o
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uinimm radius of curvature is & smzll fraction of the aaximm
dimension of the plan form.

Nots that, according to the above approximate expression,
if nozzles of different shapes, but of the same plan-form area
and at the same altitude, are compared on the basis of augmenta-
tion, the optimum shape will be circular, since the circla has
tha least possible perimeter for a given area.

When an exact solution is ettempted for an ideal jet of
arbitrary plan form, a serious difficulty arises. Comsider,
for example, the simple case of an oval consisting of a rectangle

and semicircular ends.

/4
I =
8- — F.»= ‘_’
) § *~ :
.' | A
] l','. /
L ¥ [
‘L
“
£ 4 A -
1% : ¢
il ;/’

4

T AT T T TS 77T

7

1f, as before, a constant pressure (of sufficient magnitude to
bend some part of the jet to tangency with the ground) is assuwmed

to exist in the cavity, the parts of the jet exhausting from

the sides of the oval will behave exactly as in the two-dimensional

case, and the parts exhausting from the ends of the oval will

behave exactly as in the axially symmetric case.
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If the strengths of the parts of the jet exhausting from
the straight and curved parts of the nozzle are adjusted tc
jol and jot' respactively, in such a way that all parts of the
jet come tangent to the ground, then '

I . .  Joy- e o
® =572 (A, - cos o"?jz fa T €00 Y,

- o
jo ., A, - cos -
o Ny —.—-—T
jo . A, - cos 'S

where A, and A, are the sugneatation factors for a two-
dizensional jet at dimensionless altitude h/b and for an axially
symwetric jet at dimensionless aktitude h/to. respectively,
(taken, for example, from Figures 1 and 4, respectively). The

augmentation factor for the oval is, in this case

L4

b 4+ nc 2

Q
- o
A 5 s ¥ + cos O
Al-cosb A, - cos O
o 2 o

It is possible to work out similar "exact™ solutions for many
plan forms bounded by straight lines and arcs, but none of
these solutions are strictly valid. In the exasple of the
oval, if one examines the jet path in a vertical plane through
the diameter of one of the sewmicircles, the jet sheet is found
to be discontinuous. The shape of the je: path is slightly

different for the "two-dimensional”™ and "axially symmetric"
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parts of the jzZ, end there will be & crack in the surface of

the ideal jet, which is inconsistent with the assumption of a
unifora positive pressure within the eavity.. Such inconsist-
encies arise whenever there are discontinuities in the (plan view)
radius of curvature of ths cozals.

Despite its lack of strict validity, it is likely that
this process of pacching together exact solutions has a certain
degree of practical vilidity and represencs c¢n improved approxi-
maticn. The real jet has diffusive and cohesive properties,
due to the turbulent mixing, which will tend to resist the for-
mation of 'cracks'" in the jet sheet. No doubt the appearance
of & minute crack in the ideal jet sheet indicates a slight
weakening of the corresponding resl jet sheet, but this effect
should be small so long as the ratio h/r; ’ (r) Dbeing the

win uin
miniiaws plan-view radius of curvature of the nozzle) remzins
within reasonable bounds, say less than one.

This improved approximation can be svmarized as follows:

1. The distribution of local jet strength along the nozzle
should be
Ap r;

Jo * 2(A" - cos 90)

N aAph h
Jo _’l-aineo &3 =¥ ~—+=0
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vhere A" {s the sugnentation factor for an axially symmacric
pozzle at dimeasionless altitude h/r; according to the exact

solution, .

2. The augmentation factor for the nozzle under consider-

ation is then given to an improved approximation by
S
A= cos ‘o *%r

where J is the total jet mowmentum, obtained by integrating

the local jet stiength along the circvmference:

J'. J m r; dc
- AVY o
. 2(A conTo)

With this substitution,

r'

/
Pl o
A=can "o*s/f A -ces9y) *
: c

3. This improved approximate solution should be satis-
factory for reasonably small altitudes compared tc the miaimum

radius of curvature of the plan form, say

h

=3 <1
o
min

I1f the plan-view radius of curvature of the nozzle varies con-
tiauously along the circumference, as, for example, in the case
of an elliptical nozzle, this restriction on h/r;-ln may be
relaxed and the "improved-approximate' procedure indicated

above ylelds an exact solution.

e
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STABILITY OF THE JET — CRITICAL ALTITUDE

It was shown that, in the ideal case, the augmentation
factor for an axislly sysmetric annular hwzzle parallel to the
ground with Oo equal to or less than zero f{s slways greater
than unity and approaches unity asymptotically as the altitude
is increased indefinitely. Reference 1 shows, however, that
the real annular nozzle with 90 equal to zero follows thl;
theoretical trend cnly w to a certein altitude (of the order
of one or two diemeters in the experiments of Reference 1),
called the critical altitude, at which point the augmentation
factor suddenly drops to & value appreciably less than unity
and remains less than un:ty.(lnd essentially constant) at all
higher altitudes. The explanation of this behavior lies in
‘the turbulent mixing of the'jet.

It was mentioned previocusly that the real jet tends to
entrain air from the base cavity. At low altitudes, this
tendency is satisfied by a shallow impingement of the jet on
the ground, which feeds part of the jet air back into the
cavity to replace the air entrained into the jet. At high
altitudes, on the other hand, even {f atmospheric pressure were
somehow maintained within the base cavity, the turbulent expan-
sion of the jet would seal off the base cavity long before the

jet reached the ground.
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Once this happens, the entraimment of air from the cavity will
tend to create a vacuum, and, under the influence of a negative
b&p, the jet will curve Iinward and converge, at some angle Oc,
to a stagnation point at the axies of the nozzle. From this
point, part of tiwe jet air will be deflected upward into the
cavity, thus replacing tne air removed by entrairment, and the
rest will be deflected dowrmward along the axis of the nozzle

in the form of a "sclid" (nonannular) round jet. An equilibrium
is reached when the Ap has fallen sufficiently low to curve the
jet sharply enough so that the impingement angle, Gc, is suffi-
ciently steep to deflect as much air back up into the cavity ss
1s being entrained frcm 1t.

The equilibrium value of Ap depends upon the mixing prop-

erties of the jet flow and is thus not readily susceptible to

calculation. 1If &p (or A) is given, the jet path can be calculated
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as before, for & pseudo-ideal Setr, by zquating the static

pressure difference to the centrifugal pressure and ignoring

ikl andia =T'F‘&“ﬂéi

the inconsistency involved in having fluid deflected back into

the base cavity (or -nkiné some suitable assumption to account

for 1t). The equations and the form of the solution are the

same as before. The quantity of interest is X.» the distance

of che stagnation point below the nozzle.

| TIITTIFITIIITTI T

{ It seems reasonable to suspect that X, 18 of the same order of
1 magnitude &3 the critical altitude, hc' since the type of flow
\ under consideration can exist only if h is greater than x .

. This quantity is given by

1 cost A

cos & d9
xc/r° =

3 2 Jféoa 8, - A 6, [cos 6 - A

Some results of numerical integration of this formula, for Oo

equal to zero, are presented in Figure 6. Also indicated in

Figure 6 are the approximate ranges of critical altitude,

et o Ap— e e . e
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hclxo. and of augmentation factor, for h > hc’ encountered in
the tests of Reference 1. It is seen that the experimentally

determined ranges are quite consistent with the notion that

‘X e h
c c

This is of little more than academic intarest, of course, since,
even 1f this relationship were rigorously substnnttntéd, experi-
ment would still have to be relied upon for values of A for

h > hc. end s0 one had just as well rely upon experiment for
values of hc directly.

An lnteresting feature of the above concept of the jet
behavior nsar the critical altitude is the apparent likelihood
of a "hysteresis" effect in the curve of A versus h. It would
seem likely that the discontinuity in this curve would occur at
2 higher altitude when the nozzle is raised slowly f;om near the

ground than when it 18 lowered slowly from a considerable height

(as considered here and in Reference 1).

N

/i
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Referance 1 nsither confirms ror denies the existence of this

effect. It will be interesting to observe whether such an

effect is revealed by future experimemts.

CONCLUSIONS

Calculations based on the .llu-ptioﬁ of a thin, nommixing
jet are found to give results in reasonable agréemcnt with
available experimental results and will probably give reasonable
results over most of the range of practical interest. The errors
incurred in neglecting the jet mixing become important when the
nozzle is at high angles of incidence to the grownd and when
the nozzle is at altitudes near the critical altitude. At alti-
tudes above the critical altitude, the mixiug plays a primary
role in determining the flow pattern, but certain featuréa of
the flow can scili be correctly represented by ideal-jet calcu-
lations.
Aercdynamics Laboratory
David Ta'lor Model Basin

Weshington, D. C.
July 1957



APPENDIX
APPROXIMATE ANALYSIS OF EXPERIMENTAL DATA
F20M BEFERENCE 1

The results presented in Reference 1 are presented largely
in terms of empirical paramsters. In order to convert these
results into a suitdble form for comparison with the theory
(1.e. into augmentation factor versus h/ro) wvith a minimuwm of
labor, several simplifying approximations were employed:

1. Figure 10e of Refcrence 1, presenting (in the nomen-

clature of Reference 1)
0015 0020

o (1) () ey
33 t \ o b
was assumed to represent adequately all of the experimental data
on which it was based.
2. The jet momentum was assumed to be adequately approxi-

mated, over tha range covered, by

/p \"0-20
J = 1.67 A, P i—'-‘-) :

S S P \Pg’

vhere P is the difference between the jet total pressure,

Jav
Pa, and the average static pressure within the free jet. This
expression, 1f applied to a jet with uniform static pressure,
implies a nozzle loss (compared to the theoretical momentum)

ranging from 13 percent at a pressure ratio of 1.2 to 4 percent

at a pressure ratio of 2.6.
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3. The average static pressure within the free jet vas

assumad to be the arithmetic mean of the pressurs within the

cavity ard the atmospheric pressure outside the jet. Thus

P G-l)

y TRy
where F /A, 1a equivalent to the'tp" employed in the present
report. The required values of Fb/Abpj were taken from Figure 8

of Reference 1.

With these approximations, the augmentation factor, A,

r‘/F -AiOlS 0.20
o ) ) )
s 167(4)0151-_5_)

t \ L

This result implies that, within the range covered by Figure 10e

was calculated froam

of Reference 1, the augmentation is, for practical purposes,
Indepencdent cf the nozzle pressure ratio.

Reference 1 presents sufficient information to permit the
results of the tests of three nozzles (nozzles A, B, and C
having nozzle widths of 0.101 Db’ 0.070 Db and 0.053 Db' respec-
tively) to be reduced by the above formula. Upon performing
the calculatioas, it was found that the results for the three
nozzles could be represented (within about 2 percent) by a

single curve of augmentation factor versus h/Db'
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The base ares, ﬂDb'/l, of Reference 1 corresponds to the

2 of the present report. The correspondence ia

disc area T
thus

h/to-zh/bb'
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altitude parameter is

1. Von Glahr, Uwe H. Exploratory Study of Ground Proximity

Effects on Thrust of Annular
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